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Abstract- 
The Darboux theorem on the classification and 
canonical forms of first degree exterior differential 
forms is used to obtain a classification and canonical 
representation of Cauchy elastic materials.  It is shown 
that the balance of moment of momentum and the principle 
of material indifference are independent for materials 
whose Darboux classes is greater than one.  Various 
properties of materials of D^arboux class 2 are 
examined, both theoretically and by means of explicit 
examples.  It is shown that any homogeneous deformation 
state can be reached from any other homogeneous deforma- 
tion state by path of zero work whenever the Darboux 
class of the material is three or greater. 
Section 1 
General Considerations 
1.1  Introduction 
The purpose of this thesis is to provide clarifica- 
tion of the properties and the intrinsic structure of 
Cauchy elastic materials of Oarboux class 2.  Extensive 
work has been done on Cauchy elastic materials of 
Darboux classes 1 and 3; materials of Darboux class 1 
being thoroughly examined in the theory of elasticity 
while materials of Darboux class 3 are considered in the 
theory of plastic behavior.  Materials of Darboux 
class 2 are the natural first step after elastic mater- 
ials, and thus deserve careful and full analysis. 
The tools of the exterior calculus and the Darboux the- 
orem on the classification and canonical forms of first 
degree differential forms are used since they provide a 
simple and direct format for examining the behavior of 
the materials of Darboux class 2. 
In the first section of the thesis necessary defini- 
tions are stated, elementary facts concerning the 
exterior calculus are given and the exterior forms of 
differential stress-work in 9-dimensional and 6-dimensional 
Euclidean vector spaces are considered.  The algebraic 
constraints and the differential equations that the stress 
-2- 
components have to satisfy are presented in this section 
as well as the lemma which tells us when the law of the 
conservation of the angular momentum and the principle 
of the material indifference can be considered as.two 
independent statements. 
The requirement of material isotropy is shown to 
permit a projection from a 6-dimensional underlying 
space onto a 3-dimensional underlying space whose coor- 
dinate functions are the three independent isotropic 
strain invariants.  This and similar considerations are 
examined in the second section where the principal tool 
is the structure implied by the exterior 1-form of work 
of Darboux class 2.  This section provides a number of 
results that both clarify and delineate the properties 
of materials of Darboux class 2.  It is shown that any 
material whose Darboux class is three or greater allows 
the passage from any one homogeneous deformation state 
to any other homogeneous deformation state without the 
expenditure of work. 
The third and last section presents some examples 
by means of solutions of specific problems.  The problems 
have been selected both from the standpoint of exhibiting 
the intrinsic properties of Darboux class 2 materials 
and to highlight the similarities and dissimilarities 
with elasticity theory. 
-3- 
1.2  The Continuum Model 
A continuum or continuous medium is a set of points, 
called material points  P., that fills one or more closed 
regions in space.    It is a mathematical model which 
deals with gross properties that may be thought of as an 
average of discrete properties over a large number of 
particles.  The particle approach, which is concerned 
with the properites of individual particles and their 
interactions, is closer to physical reality, but it is 
limited mathematically in its applicability. 
The study of a continuum necessitates models that 
quantify deformations apart from rigid body motions. 
Since the material is continuously distributed (and 
subject to arbitrary coordinate coverings), we expect 
these deformations to be described by tensor fields. 
The choice of reference coordinates often creates much 
of the mathematical simplicity and/or difficulty.  In 
order to avoid complicated algebra and the necessity for 
distinguishing between contra- and co-variant quantities 
we deal only with Cartesian coordinate covers.  It should 
be pointed out that there is no loss of generality be- 
cause of this assumption if the mathematics is done 
correctly. 
1.3 Deformations 
Consider an undeformed body B  that occupies a 
given region of space at time  t=*0 , and let  X  , 
A=1,2,3 , be coordinates of a generic point  P  in the 
undeformed body with respect to the given Cartesian 
coordinate system.  In other words X  , A - 1,2,3 , 
denote coordinates of the point  P  in the reference con- 
figuration.  As the body undergoes deformation, the 
vector positions of the particles of the body with respect 
to a fixed origin change.  At time  t , the point  P 
will be in a position described by vector x = (x ,x ,x } , 
12  3 generally different from the vector X = {X ,X ,X } . 
Here, the vector x  denotes the vector in the current 
configuration.  The complete description of the deforma- 
tion of the body  B  is given by a vector equation 
(1.1) x  =  *(XA;t) 
that can be written as a set of three scalar equations 
(1.2) x1  =  «|>i(XA;t)     i » 1,2,3 . 
We assume that  $ 's  are continuous, differentiable 
functions of X 's at each time t , except possibly 
at the finite number of points, lines, or surfaces.  We 
assume that the conditions of the inverse function 
theorem [14] are satisfied, so that X 's can be ex- 
pressed .in terms of $ 's and t , 
(1.3) XA =• XA(«|.i;t) . 
Since, by assumption the $ 's are differentiable with 
respect to X 's  except possibly at a finite number of 
points, lines, or surfaces, there exist nine spatial 
derivatives 
i 
(1.4) 
3X; v
1
 
E
 «i • 
These derivatives are called deformation gradients.  They 
are the components of a deformation gradient matrix that 
is denoted by 
(1.5) F  = 
The determinant,  det(F) , never vanishes, since the 
mapping X . -»■ x1  is continuous in t and one-to-one. 
1.4  Strain ^feasures 
We know, from the general theory of matrices, that 
any non-singular matrix may be uniquely decomposed into 
an orthogonal matrix and positive definite matrix [11]. 
Hence, we can write the deformation gradient matrix in 
the following form 
(1.6) F = OP = RO , 
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where 0  is an orthogonal matrix and P and R are 
symmetric positive definite matrices corresponding to 
pure deformation.  Thus, any displacement can be thought 
of as a rotation followed by a deformation, or as a 
deformation followed by a rotation.  The tensors  P and 
R can be used as measures of deformation, but it is more 
convenient to introduce a new tensor C by 
(1.7) C - P2 = FTF , 
T 
where  F  stands for the transpose of the matrix  F . 
The tensor  C  is called the Cauchy strain tensor and its 
components can be written explicitly as 
Ci.8)    cAB = «*«tj5J , t^t^  aBxJ 
where    6.       is  a Kronecker  6-symbol 
fl       if       i=j 
iJ
 \o       if       i+j   . 
From the definition (1.8) it follows that  C  is a 
symmetric tensor, i.e. 
CAB " CBA ' 
Similarly, we define another symmetric tensor, called 
Finger strain tensor, by 
(1
-
9)
   
c
« " i S*B 5 E 8iXA*AB vB • 
7- 
It is evident from these definitions that necessary and 
sufficient conditions for rigid body motion [13] are 
d.io) cAB - sAB 
or
 
ctj " sij • 
Accordingly,it is natural to consider engineering strain 
f1-1" EAB " CAB " «AB 
6iJ = CiJ " 6ij ' 
the vanishing of which are necessary and sufficient 
conditions for rigid body motion. 
1.5  Stress 
We consider a body to be acted upon by body forces 
distributed throughout the body and surface forces acting 
on the surface of the body.  The body forces are specified 
per unit volume and the surface forces per unit area of 
the surface element on which they act.  As the body 
undergoes deformation the surface elements change.  It 
is therefore important to distinguish between the forces 
acting per unit area of undeformed and deformed surface 
element.  In this context we define components of the 
Cauchy stress tensor  t **  as a j    component of the 
force acting on the body measured per unit area in the 
deformed state of the surface element whose normal is in 
-8- 
the i-th direction in the deformed state.  Since, in 
practice, it is easier to measure the area of the unde- 
formed surface element, we also define the Piola- 
Kirchhoff stress tensor components T.  as the  i 
component of the force acting on the body at time  t 
measured per unit area of the undeformed surface whose 
normal is in A-th direction in the undeformed state. 
For mathematical convenience we define yet another stress 
tensor, called the Piola stress tensor. Its components with 
respect to the rectangular Cartesian system  (X )  are 
denoted by T   and are by definition 
TAB  =  3XA fiiJ TB 
We deal exclusively with Cauchy elastic bodies 
for which the stress is uniquely determined by the 
deformation. 
1.6 A Brief Review of the Exterior Calculus 
Let  E  be n-dimensional Euclidean space with 
x \...,xn    as coordinates.  Let S be an open interval 
of the real line.  The map 
(1.12) ty:S —> EQ | x1 - *i(t) ,  tcS  i - l,...,n , 
of S  into  E  defines a smooth  (C )  curve in E 
if all of the  n  functions ii>  /*_•,  are smooth  (C°*) 
9- 
on S .  The tangent vector is easily computed at any 
given point on that curve since it is determined by 
I dt  t=t I *  I* is less cumbersome to proceed along 
different lines so that one works with scalar quantities 
rather than with ordered set of n quantities.  Without 
difficulties we can replace the notion of a "tangent vec- 
tor" by a scalar valued operator whose domain is the set 
of all scalar-valued functions on E  .  The set T (E ) 
n x
v
 n' 
of all tangent vectors to all curves through a point 
{x } e E  is an n-dimensional real vector space with the 
n 
natural basis {3*}    i   called the tangent space.  Its 
dual space, Tx(En) , is the space of all linear maps from 
T (E )  into fc .  Let weT*(E )  and V = vS. e T (E ) , 
x
v
 n
J x
x  n' i   x  n' 
then we write 
(1.13) u(l/) = wivi . 
By A (T*) . we denote the k   exterior power of 
T* = A (T*)  consisting of all real valued maps 
W (V,,...,V.)  of k variables V,  eT (E )  into t 
x  1      Is. i   xv nJ T
that are linear in each argument and antisymmetric in 
each pair of arguments. An exterior form of degree k , 
called simply a k-form, is a smooth assignment W:x-»-W  , 
v in which case we write W e A (E ) .  A zero form is a 
real-valued function defined on E 
n 
10- 
Let u) e A (E ) .  It is important to obtain an 
intrinsic characterization and general representation of 
a general 1-form.  In order to obtain the former we 
construct the following sequence of exterior forms of 
increasing degree: 
r 
(1.14)        '{ 
h     - » 
X2k " d X2k-1 
I =  1*1 2k+l      1   2k 
This sequence is finite for any given uicA (^n)  since 
*»«. 
a
 ° • 
Also, for each point  {x }  in a region PCE  there 
exists an integer K(x )  such that 
(1.15) I   . (x1) f 0 ,  I  ,   (x1) =0  vm>0 . 
K(xx) K(x )+m 
The class  K(a>)  of u>(x )  is defined by 
(1.16) K(a>)  = max KCx1) . 
xeV 
If K(x1) = K(u) , then the point with coordinates  {x } 
is said to be a regular point of the form co(x) ; and 
if K(x ) < K(u>) , the point {x } is said to be a critical 
or singular point of u>(x) .  The class of the 1-form 
a) and its critical points can always be determined in 
a finite number of steps. 
The rank of ta(x) is the largest even integer less 
-11- 
than or equal to  K(u>) = K , and is denoted by  2p .  By 
definition, the number 
|0  if K  is an even integer 
(1.17) e = K - 2p = < 
[l  if  K  is an odd integer 
is the index of  to . 
The intrinsic use of the class and rank classifica- 
tion of a 1-form w(x)  has its origin in the VaKboux 
thzofizm   [1,2,3] that establishes a canonical form for 
w(x) .  It can be stated as follows: 
Let w(x)  be a continuous and differentiable 1-form 
of class  K and rank  2p  that is defined on a simply- 
connected n-dimensional region V    of n-dimensional 
space  En .  There exist  K continuous and differentiable 
scalar valued functions  u.(x),...,u..(x)  on P  such 
x K. 
that 
P 
(1.18) u)(x)  =   I  Ui(x)dup+i(x) + edu2p+1(x) 
where the  K functions  u±  are functionally independent 
at each regular point of u>(x)  and each of the  p  co- 
efficient functions,  ux(x),...,u (x), is strictly 
positive. 
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1.7  Exterior 1-Form of Differential Stress Work in  E. 
Let TA ; i,Aa 1,2,3  denote the components of Piola- 
Kirchhoff stress tensor and let 
(1.19) W     *     T^eA1(E9) 
be the exterior 1-form of differential stress work. 
According to the Darboux theorem on the classification 
and representation of 1-forms, there are nine canonical 
forms for W : 
(i) W = dU;L , 
in which case  W + 0, dW = 0   .  This corresponds to 
classic elasticity theory, when there exists a strain 
energy function u.,  such that stress is equal to its 
gradient.  Indeed, we have 
(1.20) 
that implies 
(1.21) 
R? • t) < ■ 
3M4> 
a«; 
From the condition that W  is of class 
follows that 
K-l  it 
(1.22) 0 = dW = 
3T 
3£ 
1
 AF*       AC1 
B 
1 
1 
r3TA 3T B 
H B a«;j- 
d
*B r K 
13 
where dW  is expressed in terms of the basis of the 
9 2 (2)-dimensional space A (Eg) .  We thus obtain the set 
of differential equations 
3TA  3T, 
(1.23) -4 f "  ° 
9
*B   **A 
that the components T.  have to satisfy in order for 
W to be of Darboux class 1. 
(ii) .01 = v1du1 
in which case dW =f 0 , but W ~ dW = 0 .  In this case 
(1.24) T* = v.(d)   1 * 1 B   a?i 
which means that the stress is "functionally" proportional 
to the gradient of a scalar valued function UT(€B) *  *n 
order that W be of class K = 2 , it is both necessary 
and sufficient that (1.23) does not hold for at least one 
choice of the rfndices (A,B,i,j) and that 
hold for all choices of the indices, 
(iii)  W = v.du. + du2 _ 
in which case W ~ dW + 0 , but dW ~ dW ■ 0 and 
(1.26) i     VlltB;   „„!       .^i 
3
^       «; 
14 
This case corresponds most closely with the classical 
theory of plasticity since the stress is a superposition 
3u_ 3u2 
of a "plastic" part v. —£• and an "elastic" part —r- < 
Similarly, we can write all nine canonical forms 
for W .  In particular, the ninth one would be 
U 
0/ =  I  v du. + du 
i = l x 5 
in which case  Ig f 0 , but  I-0 = 0 . 
1.8 Algebraic Constraints 
The nine functions T^ , i=» 1,2,3, A=l,2,3 , that 
enter into the stress work 1-form W and its Darboux 
classes are not functionally independent.  Thus, apart 
from the above listed differential equations for the 
T.'s , there are some algebraic equations that the com- 
ponents of stress have to satisfy. 
The law of balance of the angular momentum implies 
that the Cauchy stress tensor is symmetric.  Using this 
fact and the relation between Cauchy and Piola-Kirchhoff 
stress tensors, 
(1.27) t\    » T^J"1 , 
where J stands for Jacobian of the transformation 
x - 4>(X) , 
-15- 
we obtain the algebraic constraints 
(1.28) TjeJ  -  TjcJ . 
In particular, when the form W  is of class 1, we have 
(1.29) 1H 5j - *H 5J • 
Of the nine components of this tensor equation only three 
are independent and not automatically satisfied.  They 
form a complete Jacobian system of linear homogeneous 
first order partial differential equations in nine inde- 
pendent variables, the commutator of any two being the 
third, in cyclic order.  The general solution of (1.29) 
is thus a function of 9-3 = 6  independent solutions [10] 
Since the  E.'s are six independent solutions, we accord- 
ingly have 
(1.30) u = u(EAB) . 
We thus conclude that the function u depends on the 
engineering strain tensor components  {E._}  instead of 
AJD 
the nine deformation gradients  {£.)  as a direct conse- 
quence of the validity of the law of conservation of 
angular momentum.  There is thus no need to introduce 
any other principle if the Darboux class is one. 
Now, let  W be of class 2.  In this case we have 
-16- 
B .u  3u(^ 
3
^B 
And again the law of the conservation of the angular 
momentum implies that 
(1.32,    vKJ, {2^ 5J . iHk ej} . o. 
B        C 
Since the function V(£A)  is strictly positive, the same 
reasoning as given before shows that u = u(EA_)  as a 
consequence of the balance of moment of momentum.  There 
is, however, no implication about the dependence of the 
function v on the strain tensor components.  It could 
very well depend on all nine quantities  €A'S » an<* that 
would mean dealing with tedious algebraic calculations. 
q 
In this case,  dW=dv* du  is an element of the  (?)" 
2 i dimensional space  A (Eq)  with coordinates  {£AJ  ai*d 
all calculations have to be done in this space. 
1.9  The Principle of Material Indifference 
In order to obtain v as a function of six inde- 
pendent variables  E.-'s » rather than having to do the 
computations in the space with the nine coordinates  £  , 
let us superimpose on the assumed deformation X ■*■ x a 
^» ^» 
rigid body rotation.  In other words, we shall introduce 
the mapping 
* : x 1—> Q.x 
-17- 
where Q.  is a proper orthogonal matrix, so that 
22T - 2Ta - I  and det Q.  » ♦ 1 . 
The deformation gradient matrix changes under the mapping 
*  by the induced map 
* 
:
 I  —> %l  ' 
The principle of material indifference states that 
constitutive equations must be invariant under super- 
imposed rigid body rotation.  In the case of the 1-form 
of stress work, the principle of material indifference 
is adhered to if and only if 
where  *   is the induced map of the exterior algebra. 
Hence, 
v(F)du(F)  =  v(£f)du(gF)   vg ; 
that is, 
v(2F) 
(1.33) du(F)  =  _^_ du(gF) . 
Therefore, using the properties of exterior differentials 
we get 
0  =  d[du(F)]  -  d|^j-J -du(gF) . 
From this last equation it follows that either 
18- 
v(dF) 
(i)  v(7)  a constant, 
in which case 
v(gF)  » v(F)     Vg , 
or 
v«£F) 
(ii)  the functions   7J\  and u(QF)  are function- 
ally dependent even though v(»)  arid u(«)  are function- 
ally independent according to the Darboux theorem.  Thus, 
we can write 
(1.34) v'CfcF)  = v(F) f[u(£F)] 
which has to be valid for every proper orthogonal Q.  . 
Furthermore, we already know that the function u can be 
considered as the function of the strain tensor E , i.e. 
u = u(EAB) 
and hence, we can write 
v(£F)  = v(F) f[u(E)] ,   yd • 
Since in the last equation the right-hand side is inde- 
pendent of Q, , so also must the left-hand side be for 
all proper orthogonal Q. .  In particular, we have 
vcan - v(F) 
for all proper orthogonal matrices £ .  Thus, for the 
-19- 
particular choice 
we obtain 
(i - C'^F* 
v(F) =* vCC15) 
which implies that the function v depends only on 
strain tensor components E. * s , 
v = v(E) .' 
Therefore, after imposing the principle of the material 
frame indifference all functional dependence on the nine 
independent variables  {£»)  is reduced to a dependence 
on the six variables  (CA_}  or  {EA_} .  Thus, we can AB AB 
introduce a projection from the space E_ with coordi- 
nates  {5^}  onto the subspace Eg with coordinates 
{EAB}  °r  {CAB} ' 
In those cases when the 1-form of stress work is of 
Darboux class 3 or higher, in order to perform this map- 
ping we have to impose the principle of material indiffer- 
ence.  Use of the consequences of the law of balance the 
angular momentum does not allow us to conclude that the 
functions occurring in the form W are functions of the 
strain tensor E , instead of the deformation gradient 
matrix F . 
20- 
The preceeding discussion can be formulated as the 
following lemma: 
The law oi  balance oi the angular momentum and the 
principle oi the material ZndA.HeA.enae an.e equivalent 
statements  In the case when the 1-ion.m    W is  oi the 
Vafiboux  class   1.     In cases  when the class  oi    W is   2 
and higher,   material JLndJLiieh.ence can be introduced as  an 
independent principle. 
1.10 The Mapping * : E_ —> Eg 
In order to determine the stress components T* in 
the 9-dimensional space E , where all defined functions 
depend on 9 deformation gradients  {£.) » one nas to 
solve a system of partial differential equations and 
system of algebraic equations simultaneously.  At this 
point the algebra becomes somewhat cumbersome, especially 
when the class of W is large.  A significant computa- 
tional advantage obtains by affecting the mapping 
(1.35) * : E —> E6 
given by 
t1'36) EAB  -  «i«iJ«B " «AB • 
The lemma given above shows that this is possible without 
loss of generality whenever the principle of material 
-21- 
indifference is obeyed.  If this is done, the 2 - 
dimensional vector space A(Eg)  reduces to 2 - 
dimensional vector space A(E,) • 
Now, the 1-form of differential stress work, W , 
as an element of A (Eg) , can be defined in terms of 
the components of the Cauchy stress tensor t ^  and 
engineering strain tensor e.  by 
(1.37) W = tiJde   . 
The same analysis as before can be applied in order to 
obtain the components  t J  of the stress tensor.  But, 
even for W of the Darboux class 1, where 
(i.38) t1'   =  rh1. *a  , 
the algebraic calculations become involved.  It is found 
to be more convenient to work with the components T 
of the double Piola stress tensor. 
The stress power for the Cauchy elastic solid per 
unit volume of the reference configuration is given by 
T E  .  If we use a parameter other than time to dis- 
tinguish the deformation states," we get the exterior 
form 
(1.39) Of = TABdEAT1 AD 
of differential stress work, relative to the natural dual 
-22- 
basis  ^dE11»dE22'dE33»dE12»dE13»dE23^ *  wnere the basis 
of the space  E,  is  {3/3E  ,...,3/3E2 } . 
There is a relationship between the components of 
Piola and Piola-Kirchhoff stress tensors.  The latter 
one can be expressed in terms of Piola stress tensor 
using the expression (1.39) for the form W and, for 
simplicity supposing that  W  is of class 1, we have 
and hence 
• - *• - §SAB dE- 
TAB _ 3u 
" 
8EAB ' 
We defined a mapping 
* : E -> E6 | EAfi - tfr     K i  . 
.TB AB 
Let 
** : A(E6) —> A(E9) 
be the induced mapping of forms that act upon functions 
and forms over E,  in such a way that they become ex- 
pressed in terms of old variables  £ e E  , and let 
-23- 
* u = u 
Now, for til    of class 1, 
til    =  d(**u)  = ^    dd 
and hence 
TC  =  3u      3u  9EAB 
1
     3eJ     3EAB a?J 
"  
TAB(6iJ6AC^ + 6iJ6BC^ ' 
AB Using the fact that T  's  are components of a symmetric 
tensor, we have . 
(1.40) T?  =  2TCB C* . 
1 is 
Thus, without any difficulties or loss of generality we 
continue working with the Piola stress tensor. 
1.11  Exterior 1-Form of Differential Stress Work in Eg 
Let 
*ABJ¥,      . .1 (1.41) til     -     T iJdEABe AX(E6) 
be the 1-form of differential stress work defined on 
E, .  According to the Darboux theorem it can take one 
of the six canonical forms: 
(i) til  = du 
in which case 
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dW » 0 ,   W + 0 
and 
TAB m     3u 
3EAB 
corresponding to classical elasticity which is character- 
ized by the existence of the strain energy function u . 
The stress components have to satisfy the following 
systems of partial differential equations: 
ri   A-» AAB  -  9TAB   9TCD  =  ft (1
-
42)
*CD  =  ra^ - ra^ -   ° 
in order for W  to be of Darboux class 1. 
(ii)  W = vdu 
in which case 
and 
dW + 0 ,   W - dW 
TAB = y 3u 
^AB 
AB Also,  A   =f 0  for some choice of (A,B,C,D,) but 
ri AZ^ TEFAAB   TCDAEF   TABACD  _  n (1.43)      T  ACD - T  AAB - T  AEp  -  0 . 
(iii)  W = v du + d<J> 
where 
W - dW + 0 ,   dW ~ dW » 0 . 
The condition dW ~ dW » 0 gives the system of 
partial differential equations 
-25- 
ft   AA\ .AB.EF   ACDAEF . ACDAEP   ACDAGH (1.44)    ACDAGH - AABAGH ♦ AGHAAB - AEpAAB 
. AGHAEF   AABAGH  „  n 
+
 
ACDAAB " ACDAEF  *  ° 
rAB, which the T  's have to satisfy.  In this case 
TAB  = v -2H- + -&-  . 3EAB  Ki 
Similar results hold for the classes of order up to six 
in which case the conditions imposed upon the stress 
components are more complicated. 
-26 
Section 2 
Materials of Darboux Class 2 
2.1  Isotropic Materials 
Up to this point there have been no restrictions 
imposed upon the material properties.  The principle of 
material indifference made it possible to perform the 
projection of the space E_ with coordinates  {£») onto 
the space .E, with coordinates  {E  } .  In order to 
further reduce the number of variables suppose that the 
body is isotropic in its response to all possible states 
of deformation.  Then there exists a mapping 
•l = E6 -> E3 
given by 
/• 
a = tr!     -     EAA 
(2.1)              i 3 s trf     VEABEBA 
Y = trE3     =     E4BEnr 
Now, the restriction to considerations of only isotropic 
bodies has the effect of replacing the 6-dimensional 
space E, by a 3-dimensional space E_ with coordinate 
functions  {a,B,y} •  This, in turn, reduces MEg)  to 
A(E )  under the imposition of the isotropy condition. 
The 1-form W    of the differential stress work of an 
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isotropic Cauchy elastic body has the form 
(2.2) W - Ada + Bd0 ♦ Cdy 
where A, B and C are scalar-valued functions of 
a, B and y .  From the definition of the coordinate 
functions it follows that 
r do =  dE 
(2.3) ** : I de  =  2EdE 
^  dy  ■  3E2dE 
and hence we can write 
(2.4) W =  (AI + 2BE + 3CE2)dE 
where  I  denotes the identity matrix.  Comparing the 
expression (2.4) with (1.39) we obtain 
(2.5) T  =  AI + 2BE + 3CE2 . 
Having W as an element of A (E_)  it can always be 
expressed in terms of coordinate functions of the space 
E, , for the induced mapping *  is well defined. 
Again, due to the Darboux theorem, the 1-form W 
can take one of the following three canonical forms: 
(i)  W = du(a,B,y) 
in which case W \  0 and dW » 0 implies the system 
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of differential equations 
r 3A 
33 
3B 
3a 
(2.$)            < 3C 3a 
3A 
3Y 
3C 
k 33 
3B 
3Y 
o , 
o , 
0 . 
(ii) W    = v(a,B,Y) du<a,B,Y) 
where dW ^ 0 .  However, the condition W ~ dW ■ 0 gives 
the constraint equation 
( l',)       L^3a  33J  a\da     dy)      A^3B  3yj 0 . 
(iii)  W = vdu + du. 
where W ~ dW =f 0 is the only condition since dW ~ dW = 0, 
being a 4-form on a 3-dimensional space. 
Since the algebra is much simpler in A(E-)  than 
in A(Eg)  or A(EQ) we shall proceed with the analysis 
in A(E3) ; that is, for isotropic materials. 
2.2 The Form W as an Element of A1(E3)  of Class 2 
Let W = Ada+BdB+Cdy be of Darboux class 2, which 
means that W can be expressed in terms of two function- 
ally independent functions u and v by 
W » vdu . 
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In the interests of conceptual simplicity let us choose 
u to be the usual classic strain energy' function for 
linear materials, i.e. 
(2.8) u - j  Xa2 + y3 
where X  and u  are Lam6 constants for linear elastic- 
ity.  Since W  is of class 2, 
(2.9) 0 $ dW = du-dv 
= (yv -Xav_)da ^ dp - Xav da Ady- yv dp A dy 
i. 3v        3v        3v    To    , 
where v±  = ^ ,  v2 = ff »  v3 = 3Y *    We choose v 
so that it depends only on a  and  3 , but not on Y » 
i.e. so that v_ = 0 , then the condition (2.9) is still 
satisfied since 
yvx - Xav2  =f  0 
for all  a, 3, Y»  Otherwise,  u and v would be de- 
pendent since 
implies 
v =  F(| Xo2 + y3)  =  F(u) 
which is not allowable according to the Darboux theorem. 
In the general case, the function v can depend on y 
also. 
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For the function u given by (2.8), we would like 
to determine the function v and then try to explain the 
physical meaning.  In order to do so, it is necessary 
to consider the equilibrium equations, yield conditions 
and thermodynamics. 
2.3 Equilibrium Considerations 
The equilibrium equations are obtained from the 
Piola-Kirchhoff equations of motion [8] by taking the body 
forces to be zero and omitting the inertia term.  We thus 
have 
(2.10) 3AT£ = 0    i - 1,2,3 . 
Let 
T A _  3u 
el
 " < 
stand for the companion elastic factor of the stress 
corresponding to the case of Darboux class 1 of the form 
W .  Hence, for class 2 materials we may write 
(2.11) , TA = v(s£)TeA 
and the equilibrium equations take the following form: 
(2.12) !£ Te* ♦ »A(T.*)  -  0 .   3A E JL. . 
Since the functions occurring in the last equations 
depend, in general, on strain we can write 
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(2
-
13>    (S^'-V^) 9AECD  "  ° • 
It follows immediately that for the homogeneous-deforma- 
tions (that is, for the deformations where the deformation 
gradient matrix is constant), the equilibrium equations 
are satisfied identically.  We usually consider only such 
deformations so that the equilibrium equations are satis- 
fied for every choice of v . 
2.4 Tractions on the Surface 
In order to have, the problem completely formulated 
we have to look at the tractions on the boundary.  Given 
a stress tensor of the form (2.11), we can write 
(2.14)     T,  = TANA  = vT ANA  = vT , v
    
J i      i A       ei A       ei 
where N  are the components of the normal to the sur- 
face in the undeformed state and T .  denote the trac- ei 
tions which we would have in the companion elastic state. 
Therefore, we can write 
T T T 
(2 15)        ^  = j*  = ^  - v . 
el      e2      e3 
There is thus an experimental way of determining the 
function v , knowing the tractions in the companion pure 
elastic case and measuring the actual tractions. 
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2.5 Yield.  The Von Mises Yield Condition 
The yield condition is the criterion which indicates 
where plastic flow will set in (loading) or stop (un- 
loading) .  Consider a plastic material which has 
never been strained beyond the elastic range and then the 
first appearance of the plastic deformation in it.  By 
Hook's law, which is valid in the elastic range of deforma- 
tion, the strain at the instant when plastic deformation 
sets in is uniquely determined by the stress at that 
instant.  For the first occurrence of plastic strains, 
the yield condition can be written as follows: 
f(TAB) = K , 
where  K  is a constant of the material that is connected 
with the yield limit [9]. 
Within the elastic range, that is, up to the very 
beginning of the plastic deformation, we assume that the 
material is isotropic.  This assumption imposes a 
restriction on the form of the function  f :  it must be 
a symmetric function of the principal stresses.  By a 
well-known theorem of algebra, all symmetric functions of 
n variables can be expressed in terms of n linearly 
independent symmetric functions of these variables.  Con- 
sequently, we write the yield condition in the form 
£(IltI&,I3)  -  K 
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where  I., I2 and  I_  are stress tensor invariants.  In 
fact, in most problems the yield condition depends on 
the difference of the principal stresses. 
After plastic flow has taken place, the strain at a 
certain instant is no longer determined by the instan- 
taneous stress alone, but depends on the complete history 
of loading.  Material may thus become anisotropic through 
plastic flow. 
We now proceed by defining the stress deviatoric as 
the traceless tensor 
T  ■ T - (itrT)I .■ 
~o     ~    o   ~ ~ 
When the function u  is chosen as a classical strain 
energy function (2.8) we have 
TQ  = - 2uv (| I - E) 
and hence 
T2  = t  y2v2 (a2I - 6aE + 9E2) 
-o 
3      2 
T3  » - 8u3v3 (|y I - £ E + oE2 - E3) . 
The invariants of the stress deviatoric are given by 
(2.16)    J2  =  tr(T2)  »  4y2v2(8-f) 
(2.17)   J3  »  tr(T3)  =  8u3v3(| a3 - a0 ♦ y) 
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Finally, the yield condition can be written in the 
simple form [9] 
Y(J2,J3) - 0 , 
where the presence of "yield limit" parameter  K  is 
implicit. 
The most widely used yield condition is the 
von Mises criterion which states 
J2 - K
2
 , 
where  K  is a yield limit in simple shear.  Applying 
this to our problem we obtain the expression for the 
function v : 
(2.18)        v(a,B)  = £  (B-f )'* . 
This choice for v  is satisfactory in the sense that u 
and v are functionally independent for compressible 
materials and when af 0 .  Besides,  v  is a homogeneous 
function of degree  s = -1 , which implies that the stress 
T  is homogeneous of degree zero.  This is a character- 
istic of a stress tensor for von Mises ideal plastic 
bodies.  The function v has singularities at the origin, 
a = B » 0 , and whenever all three eigenvalues of the strain 
tensor are equal.  Notice that if there is any strain 
at all, then the stress reaches the yield limit instan- 
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taneously and stays constant for all subsequent values 
of the strain. 
Unless we have a specific problem in mind there is 
not much to be said about this particular choice of the 
function v . 
2.6 Carath6odory Inaccessibility 
Although it is not our intent to discuss the thermo- 
dynamics of materials in detail, certain things should 
be pointed out.  Let us first define a path of zero work. 
A path *:t .-»■ E  in E  is said to be a path of r
n      n 
zero work if and only if * W  = 0 .  The Carathfiodory 
inaccessbility theorem [15] asserts the following: 
(a) Any point in a sufficiently small neighborhood 
of a given point can be reached by a map 
*:iCt  —> E 
with **W = 0 if K>3 , where K = class o£ W  . 
(b) If K<^2 , then there is at least one point 
in any neighborhood of any given point that is in- 
* 
accessible under the conditions ♦ W ■ 0 . 
Let P  be an arbitrary point in E-  that can be 
realized by a real material and let a , $ , Y  be the 
' o'     o'    ' o 
corresponding values of  o, 3, y   .  Therefore, in the 
2 
case we have been looking at, namely when W - vdueA (E-), 
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the only points in  E.  that are accessible from  P0 by a 
path of zero work are those that lie on the surface 
U(<X,B,Y) = u(aQ,0o,Yo) = constant. 
Hence, in particular there are states of deformation near 
P  with values of o, B, y     that cannot be reached from 
P  by a path of zero work. 
The Caratheodory's inaccessibility theorem makes a 
distinction between materials of Darboux classes  1, 2 
and Darboux class 3 and higher.  For the moment let W 
be of class 3, so that 
W  = v(^)du(^) + d<K^) . 
By formal application of Caratheodory's theorem it would 
follow that all points in a neighborhood of  P  are 
accessible from the point  P  by a path of zero work- 
Since we are dealing exclusively with rate independent 
plasticity, if any, this means that no matter what kind 
of deformation took place, there is no irrecoverable 
work.  That in turn does not make sense in the case of 
plastic deformations.  But, while applying the Caratheo- 
dory' s theorem to this problem we have to satisfy not 
only the condition for a path of zero work * W ■ 0 , but 
also certain integrability conditions.  Namely, one 
should look at the 1-parameter family  {£*(*)}  an<* as* 
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the following question: among all those mappings  ♦ 
that satisfy * W = 0 are there any that satisfy the 
integrability conditions  <K5A dX ) - 0  so that the 
nine quantities  £.  are indeed deformation gradients? 
This is a difficult question to answer in the general case 
since the domain of *  is 1-dimensional while the in- 
tegrability conditions obtain in a 3-dimensional space. 
However, for homogeneous deformations, the integrability 
conditions are identically satisfied and we obtain the 
following basic result. 
II a Cauchy'elastic matz.ftA.al has  Vatiboux class 
g/ieateh. than on. equal to  thn.e.e.,   that is 
W - dW f 0 , 
then any state o&  homogeneous   deformation can be Ke.ac.hzd 
&fiom any given state,  otf homogeneous  deioH.matJ.on by a path 
consisting solely  ojj homogeneous  de&onmations  ion. vohich 
thetie is   no   expenditure o& work. 
There is thus grave doubt as to the physical plausibility 
of Cauchy elastic materials with Darboux class greater 
than or equal to three.  Similar doubts have been cast 
on the validity of models with Cauchy elastic bodies of 
class greater than or equal to three in the literature 
[7 ], although the considerations there were based on 
cyclic processes and the construction of perpetual motion 
machines. 0 
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Let us return to materials of class 2, and look at 
the total work.  Let  3B be any closed path in E_ and 
let  B be any regular 2-dimensional closed surface in 
E  with boundary  3B .  By Stokes' theorem [16] the 
total work W(3B)  is given by 
W(3B)  =  |  W  =  f 
J3B     J 
and in particular, when W = vdu , 
3 B 
(2.19) W =  f dW  =  f dv- du . 
JB      JB 
The integral on the right-hand side of the last expres- 
sion is not identically equal to zero since the functions 
u and v  are independent.  Its absolute value is equal 
to the projection of the area spanned by the cycle  3B 
on the 2-dimensional coordinate plane spanned by  (dv.du) 
with the orientation that is induced by da ~ dB ~ dy . 
If the orientation of the cycle is changed W changes 
sign.  Therefore, the system is not necessarily dissipa- 
tive for (it = vdu ; work can be either lost or gained in 
a cycle. 
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Section 3 
Examples 
3.1 Examples 
1.  A rectangular block of isotropic material with 
unit cross-sectional area is subjected to uniaxial exten- 
tion in X -direction.  We would like to determine the 
tractions on the surface of the body that must be 
applied in.order to maintain the deformation. 
The deformation is given by the following equations 
xx = (i+e)x2 
(3.1) <   x2 = X2 
x3 - X3 
so that the deformation gradient matrix is 
and the engineering strain matrix is given by 
92+28  0   0 
(3.2)    E =  FTF - I  » [  0   0   0 
0   0   0 
Therefore 
(82+28)2 0 
E2  - [   0 0 
0 0 
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!) 
and 
(3.3) {: trE  »  62 + 26 trE2 » (82+26)2 - o2 
Notice that  o  and  S  are functionally dependent so 
that the function v  in the expression for stress will 
depend only on a .  Also, the strain energy function is 
given by 
(3.4) u  = ij  X + p)(62 + 29)2 . 
Now, the double Piola stress has only one of its compo- 
nents non-zero and that is 
T11  =  (X +2y)(62+26)v(62+26) 
so that the Piola-Kirchhoff stress components are all 
zero except 
T*  =  ZT11^  =  2(X +2u)(82+29)(1+6)v(62+26) . 
Thus, the traction on the surface perpendicular to 
X1~axis with unit area is 
(3.5) T±     =  {2(X+2y)(e3+3e2+26)v(e2+2e),0,0} . 
Clearly, with the function v present in the expression 
for the traction, there is one more degree of freedom. 
Usually what has been done is to assume that the 
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deformation is small, i.e.  6  is small, and therefore 
the expression for the traction can be linearized to 
yield 
(3.6) T±     =  {4(X + 2y)8 v,0,0} . 
For the trivial choice, v=constant, we recover linear 
elasticity where the force-displacement relation is 
linear. 
With the possibility of choosing the function v , 
p 
which depends on a = 9 +28 , as other than a constant 
function, we can have nonlinearity although we started 
with a linear elastic material.  The only restriction 
on v is that it has to be functionally independent of 
u . 
On the other hand, let us not linearize the expres- 
sion (3.5) for the tractions 
T  =  {2(X+2u)(e2+36+2)ev(a(e)),0,0} , 
but choose v by 
(3.7) v - 
82+38+2 
We now obtain a linear force-displacement relationship 
without the assumption that the deformation 6  is small, 
This is clearly not possible in the purely elastic case 
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for v = constant, u»u(a,B,Y) • 
This additional degree of freedom, the possibility 
to choose the function v , also enables us to obtain 
different forms for the tractions. 
2.  A rectangular bar of isotropic material is sub- 
jected to simple shear in X1-directionf  ^-Xp  is the 
plane of shear.  Determine the tractions on the surfaces 
that are necessary to maintain this deformation. 
We can write the deformation, gradient matrix in the 
form 
(3.8) 
so that the engineering strain matrix is 
(0  k  0\ 
k  k2  0   , 
0  0  0 ) 
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its square becomes 
k2  k3 
k3 k2+kU 
0   0 :)• 
and their traces are given by 
(3.9) 
a = k' 
0 = k2(k2+2) =» a(a+2) 
We see that the invariants o and B are dependent so 
that the function v depends only on o 
v = v(a) = v(k2) . 
The strain energy function for linear elasticity is 
given by 
(3.10) u = (|- A +y)kU + 2ykJ 
Following the same procedure as in example  1 we obtain 
the expressions for tractions: 
II {2vk*(A+2y), 4vyk,0} 
(3.11) < T2 =  {2v[2y + (A+2y)k2]k, 4vk2(A+2u),0> 
r3 {O.O^vXk^} 
We see that the presence of the function v effects the 
form of the forces, but there is no obvious choice of 
44- 
v which could give us definitive properties of the 
material. 
3.  A rectangular block of isotropic material is 
subjected to uniaxial extention and simple shear in 
X^direction, shear being in the X^g-plane.  Determine 
the tractions on the surfaces necessary to maintain the 
deformation. 
The deformation gradient matrix is 
(3.12) 
and the invariants of the engineering strain tensor are 
a  =  92 + 26 + k2 
(3.13) 
3  =  (82+26+k2)2 + 2(k2-263) . 
1   2 Therefore, with u = y Xa +y$ , the tractions are given 
by 
Tn = {2v(X+y)(l+e)(e2+26+k2)f 2yk(l+6)v,0} 
T. = {2vk[(X+u)(e2+26+k2) + y], 2v[X(62+26+k2) ♦ k2y],0} 
-» Cm 
T.   = {0,0,vX(62+28+k2} . 
We can choose the function v in the simplest possible 
way in order to compute the amount of work that is * 
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expended or generated in the closed cycle.  Let 
v » Cot 
where C  is a constant.  For this choice of v , the 
functions  u and v are independent since  3 + 0 .  Now, 
we have 
W = &  vdu  =  C A a(Xoda + yd3) 
Jr Jr 
(3.14) =     C<<£  Xd(| )   +  y  i adB> 
=     C\i b od3     = Cu f a(t)B'(t)dt , 
where the curve  r  is given by its parametric repre- 
sentation. 
Choose  r  to be as in the sketch 
k 
TTT I:  k=0   e=t   0<t<l 
II:  k=t   6»1   0<t<l 
III:  k=l   6=t  l£t<0 
IV:  k=t   8*0   l£t<0 . 
We can easily find a  and  3  in terms of t  along the 
chosen lines. 
I:   a = t  + 2t 
3 = (t2+2t)2 - 4t3 ; 
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II:       a  =   3  +  t2 
$  »   (3+t2)2  +  2(t2-2)   ; 
III:       a  =  t2  +  2t  +  1 
3  =   (t2+2t+l)2  +  2(l-2t3)   ; 
IV:       a =  t2 
0   -   t     +   2t      . 
Hence 
W    =     Cy   f   [(t2+2t)(4t3+8t)   +   (3+t)(4t3+16t) 
' o 
-   (t2+2t+l)(4t3+12t+4)   -   (4t5+4t3)]dt   , 
i.e. 
(3.15) W =  10 Cy   . 
In the case of elastic materials, we know, that if the 
body is pulled, sheared, then contracted and resheared 
so that the cycle is closed, the total work done is 
equal to zero.  However, only by multiplying the tractions 
by the function v chosen in a simplest possible way 
to be equal to Co , we have nonzero work done due to 
the above mentioned deformation.  Depending on the con- 
stant C ,  W can be positive or negative. 
4.  Let a rectangular block of isotropic material 
be subjected to "triaxial" extention so that the 
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deformation gradient matrix is given by 
(3.16) 
/e  0  0 \ 
[ 0  e   0 ]  . 
\0       0  (0/ 
In this case it is convenient to work with the Cauchy 
strain tensor instead of engineering strain tensor.  The 
invariants of the Cauchy strain tensor and its square 
are as follows: 
I_  = tr(C)  =  2e2 + u>2 
I2 =  tr(C2)  =  2eU +wU . 
Hence, the strain energy function is 
(3.17)  u = j  XI2 + yl2  =  2(X+y)eU + 2Xe2w2 + \iuk   . 
Following the same procedure as in previous examples, 
we obtain the tractions on the surfaces: 
(3.18) 
li    =    I2    °     {2ve[(2e2+w2)X  +  e2y],0,0> 
T\     =     {0,0,2ve[X(2e2 + to2)   +  Xa>2]} 
where    v = v(I1,I_)   . 
Let the function v be simply 
(3.19) v = kl± 
where k = constant.  As before, the total work is given 
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by 
W - i vdu - kv I  Ijdl, 
r T 
and if r  is the same curve as in example 3, we have 
(3.20) W =  ky [ [16t5+ (2+t2)4t3 - 8(2t2-l)t3 - 4t5]dt 
' o 
=  0 . 
We thus see that the function v = kl.  did not influence 
the elastic property of the material; the total work is 
zero for some cycles, such as the one considered here. 
Let v = kl2 , then the functions u and v are inde- 
pendent if and only if I., =f 0 .  We have 
(3.21) W = I  vdu = k i I2(XI1dI1 + udl2) 
For the same cycle r 
W = kX f [16t7 + 2(2+t2)(2+tU)t - 4(2t2+l)(2tU+l)t - 2tT]dt 
- - kkx • 
We can also see what happens if the cycle r  is changed. 
Hence, let v=kl_ , but let r be given as follows: 
49- 
y(l.l) 
t 
u>-0 e-t 0<t<l 
u-t e-1 0<t<l 
U)»t e»t Kt<0 
In this case 
W = ky I   I, 
= - t ky . 
dl, = ky [ [16t5 + 4(2+t2)t3 - 36t5]dt 
We therefore conclude that the total work W can have 
different values, positive, negative or zero, depending 
on the choice of the function v and the path along 
which the integral is evaluated. 
50- 
5.  Consider the situation in which a body of 
Darboux class 2 undergoes a deformation of the form 
x - X + f(X) 
(3.22) y = Y + h(X) 
z = Z + g(X) , 
where f, h, g e C ($) .  Since the engineering strain 
tensor is given by 
((l+f')2+h,2+g,2-l  h'   g« 
h' 0   0., 
g' 0   0 
where the prime stands for differentiation with respect 
to X , the invariants take the form 
{a =  (1+f)2 + h'2 + g'2 - 1 
B =  [(l+f')2+h'2+g'2-l]2 + 2(h,2+g'2) . 
The strain energy function' can thus be written as follows: 
(3.24)  u =  (|x+y)[(l+f)2+h,2 + g'2- 1]2 + 2u(h'2+g'2) . 
By (2.5), we have 
TAB = v(Xa«AB + 2uEAB) 
'and (1.40) gives 
TA a 2TABCg 
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The components of the Piola-Kirchhoff stress tensor for 
the materials of Darboux class 2 subjected to a given 
deformation (3.22) are thus given by 
((X+2y)(l+f')a   2yh'(l*f»)   2yg'(l*f»)^ 
[(A+2y)a+y]h'   2yh,2*Aa     2yh,g» 
[(X+2y)a+y]g»   2yh,g'       2yg,2+Xa 
where 
v = v(a,0) . 
In this example, the deformation is not necessarily a 
homogeneous deformation (i.e. the deformation gradient 
matrix is not a constant matrix) and hence the equilibrium 
equations are not automatically satisfied.' Noting that 
the strain measures are functions of the variable X 
only, the equilibrium equations take the particularly 
simple form 
AT 
(3.26) -j|- =-v-ayTei ,   i-1,2,3 . 
These equations are equivalent to 
(3.27) jy1 = 0 ,   i = 1,2,3 , 
whose solutions are 
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(3.28) 
(1+f )av - Cx 
(1+f )h'v - C2 
(1+f )g'v - C3 , 
where C , C_ and C_ constants.  From the last two 
equations we see that the functions h and g are 
related by 
(3.29) h« = kg' 
where k is a constant. 
Observe first that 1+f•  can be expressed in terms 
of a and $   .  From (3.23) it follows that 
(3.30) 
h'2 + g'2 = a + 1 - (1+f) 
3 = a2 + 2[a + 1 - (1+f)2] , 
and hence 
(3.31) 1 + f  =  - /(l+a)2+l-B . 
/2~ 
If v(a,3)  is any function of a and B other than a 
multiple of the reciprocal of o(l+f) , then the only 
solutions of (3.28) are those for which f, g*  are 
constants with h* =kg* .  This case thus reduces to 
homogeneous deformations that have already been examined 
in previous examples. 
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The exception to this is when the material is such 
that the function v(a,0)  is a multiple of the recipro- 
cal of o(l+f') .  For such materials 
(3.32) h' - g' - 0 
together with 
(3.33) v 
Cl 
a/l+a 
lead to a solution of the equilibrium equations pro- 
vided f' + 0 , which follows from (3.33) in order that 
v be bounded.  We thus obtain 
(3.34)    x = X + f(X) ,   y = Y + k1,   z = Z + k. » 
where k  and k_ are constants.  The only nonzero 
components of Piola-Kirchhoff stress tensor are given by 
TJ = 2(X+2y)C1 
T; = T^ = 2 -±-  , 2
   
3
    /T+5" 
and hence the tractions on the boundary of the body that 
maintain the deformations (3.34) are 
(3.36) 
'T^-  2(X+2y)C1N1 
T. - 2C. -*— N. 
2 X
   /!+£ 2 
T. - 2C_ -^— N  . 3 X
   /I+Z    3 
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Here,  {N1,N2,N_}  are the components of the unit normal 
field of the boundary in the reference configuration. 
Since the function f , with f +0 , can be 
assigned arbitrarily, the response is similar to per- 
fectly plastic behavior of the materials.  Careful note 
2        3 
should be made of the components T2  and T^  that 
maintain the deformation y ■ Y+k. ,  z ■ Z+k-  for the 
"plastic" response x = X+f(X)  to the yield loading T?" , 
-55- 
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